Abstract. Gravitational wave (GW) observations provide insight into the gravity regime.
Introduction
General Relativity (GR) has been very successful from laboratory tests [1, 2] to solar system [3, 4] and binary pulsar [5] [6] [7] [8] tests. Nevertheless, testing GR still is one of the key tasks for modern physics. As well known, GR is incomplete in the ultraviolet regime where it should be replaced by a still unknown quantum gravity [9, 10] . In addition, the evolution of the Universe cannot be properly described by GR unless one adds the dark matter and dark energy in our Universe [11, 12] . As the minimal extension of GR, scalar-tensor gravity has been widely investigated in comparison with GR in the literature [13] [14] [15] , which invokes a conformal coupling between matter and scalar fields. In order to suppress the scalar force (i.e., fifth force [16] [17] [18] ) and allow gravity theories to evade the tight gravitational tests in the solar system and the laboratory, we need the screening mechanisms which operate environmentally dependent scalar fields. The screening mechanisms in scalar-tensor gravity mainly include the chameleon [19, 20] , symmetron [21, 22] , dilaton [23, 24] and f (R) [25, 26] theories. These theories can be described within a unified theoretical framework called screened modified gravity (SMG) [27] .
In order that SMG can generate the screening mechanisms, the effective potential of the scalar field must have a physical vacuum [27] . Besides, the effective mass of the scalar field around this vacuum is required to increase as the ambient density increases. Therefore, the scalar field can be screened and evade the tests in high density regions (e.g., the solar system), where the range of the fifth force is so short that it cannot be detected within current experimental accuracy [16, 20] . Whereas in low density regions (e.g., the Galaxy and the Universe), the long-range fifth force may affect galactic dynamics [28, 29] , and the scalar field can play the role of dark energy to accelerate the expansion of the Universe [19, 22] . In addition, the tensor sector of SMG, like in GR, the tensor gravitational waves (GWs) contain two basic polarization states and propagate with the speed of light, which satisfy the constraints of GWs speed from GW170817 [30, 31] .
The GWs observations provide an excellent opportunity to look into the extreme gravity regime of coalescing binary, where gravity is strong, dynamical and non-linear. The interpretation of GWs observations relies on the comparison of the data to the GWs model, which depends on the orbital evolution of the binary systems, and in particular on its orbital energy and angular momentum decay. In previous work [32] , we calculated the GWs energy flux in terms of derivatives of multipole moments in SMG, and derived the rate of the orbital energy loss for compact binaries in quasi-circular orbits. Based on it, in the literature [33] , we calculated the waveforms of GWs emitted by inspiralling compact binaries. Recently, the eccentric GWs have been widely studied in the literature [34, 35] . However, in our previous works, we considered only the quasi-circular orbits. As an extension of this issue, in this paper we study the decay rates of the orbital energy and angular momentum for compact binaries in quasi-elliptical orbits. We use the Noether's theorem to compute the angular momentum flux carried by all propagating modes in terms of derivatives of these fields, and use the multipolar expansion of the fields to calculate this flux in terms of derivatives of multipole moments. We use a Keplerian parametrization to present the energy and angular momentum fluxes as the functions of the orbital parameters of eccentric compact binary systems. We conclude by combining this with the orbital energy decay to find expressions for the decay rates of the orbital eccentricity and semimajor axis of this system. We find that generically these decay rates are typically faster in SMG than in GR due to the presence of dipole radiation.
This paper is organized as follows. In Sec. 2, we display the action for SMG and derive the field equations and their weak-field limit. In Sec. 3, we calculate the angular momentum loss rate due to the GWs emission in SMG. In Sec. 4, we derive the decay rates of the orbital eccentricity and semimajor axis. We conclude in Sec. 5 with a summary and discussion.
Throughout this paper, the metric convention is chosen as (−, +, +, +), Greek indices (µ, ν, · · · ) run over 0, 1, 2, 3, and Latin indices (i, j, · · · ) run over 1, 2, 3. We set the units to c = = 1, and therefore the reduced Planck mass is M Pl = 1/8πG, where G is the gravitational constant.
Screened Modified Gravity

Action
SMG is a kind of scalar-tensor theory with screening mechanisms, which can suppress the fifth force in dense regions and pass the solar system tests [36] . A general scalar-tensor gravity with two arbitrary functions is given by the following action [15, 27] :
where g is the determinant of the metric g µν , R is the Ricci scalar, ψ
m are various matter fields labeled by i . The potential V (φ) characterizes the scalar self-interaction, which has three main effects in the theory: First, it can play the role of dark energy. Second, it endows the scalar field with mass. Finally, it may introduce nonlinearities into the scalar dynamics. A(φ) is a conformal coupling function characterizing the interaction between scalar field φ and matter fields ψ m , which induces the fifth force in the theory.
In general, the scalar field is governed by the effective potential V eff (φ) in Eqs. (2.6) and (2.8) . In order to generate a screening effect to suppress the fifth force in high density environments, the effective potential of the scalar field must have a minimum [27, 36] ,
which can be naturally understood as a physical vacuum. Around this physical vacuum, the scalar field acquires an effective mass, which is required to increase as the ambient density increases, i.e., dm eff (ρ)/dρ > 0. Therefore, the scalar force can be suppressed in high density regions, where the force range is so short that it cannot be detected. This kind of scalartensor gravity with screening mechanism is often called SMG [27, 37] , which can generate the screening effect to suppress the fifth force in high density environments and pass the solar system and laboratory tests.
Matter action and field equations
In general, so long as the compact objects are far enough from each other, their motion can be effectively described through point particles with the composition-dependent effects encapsulated in nonstandard couplings in the particle action. Eardley [38] first showed that these effects could be accounted for by the matter action for a system of point-like masses,
where m a (φ) is the φ-dependent mass of the a-th point-particle, and τ a is its proper time measured along its worldline x λ a . Now, the full action for a system of point-like masses is
The variation of this action with respect to the tensor field and the scalar field yields the tensor field equation 5) and the scalar field equation
where G µν is the Einstein tensor, T µν (x, φ) ≡ (2/ √ −g)δS m /δg µν is the matter energymomentum tensor, and
T φµν (φ) is the energy-momentum tensor of the scalar field, given by
For a negligibly self-gravitating body the effective potential is
where ρ is the matter density of the local environment of the scalar field.
Weak-field limit
In the weak-field limit, the tensor field g µν and the scalar field φ can be expanded around the backgrounds as follows:
where η µν is the flat Minkowski background, and φ VEV is the vacuum expectation value (VEV) of the scalar field (i.e., scalar background). The bare potential V (φ) and the coupling function A(φ) can be expanded in Taylor's series around the scalar background as follows:
where A VEV ≡ A(φ VEV ) is the coupling function VEV, and V VEV ≡ V (φ VEV ) is the bare potential VEV which can act as the cosmological constant to accelerate the expansion of the late Universe [36] . The mass m a (φ) for a strongly self-gravitating body can be expanded in Taylor's series around the scalar background,
where m a ≡ m a (φ VEV ) is the inertial mass at the scalar background, and the sensitivity s a is defined by [39] 
which connects with the scalar charge (i.e., screened parameter) a by [32] 
14) 15) where Φ a = Gm a /R a is the compactness (i.e., negative Newtonian gravitational potential at the surface) of the a-th object, and φ a is the position of the minimum of V eff inside the a-th object. In the weak-field limit, imposing the Lorentz gauge condition ∂ µ (h µν − 1 2 η µν h) = 0, the field equations (2.5) and (2.6) reduce to 17) where ≡ η µν ∂ µ ∂ ν is the flat-space d'Alembertian, and
is the effective mass of the scalar field in a homogeneous background density ρ b .
Angular Momentum Loss Rate
In this section, we calculate the angular momentum loss rate due to the emission of tensor and scalar gravitational radiations in SMG. We begin with a generic calculation by using the Noether's theorem. We then specialize these results to a binary system and obtain the angular momentum loss rate in this system.
General calculation
Now, let us compute the angular momentum of GWs in SMG. Angular momentum is the conserved charge associated to invariance under spatial rotations. In the weak-field limit, from the action (2.4), the Lagrangians of the tensor and scalar GWs reduce to
where h TT ij is the transverse-traceless (TT) part of h ij . The angular momentum carried by GWs can be derived directly from these Lagrangians by investigating the Noether charges and currents in the theory. We then obtain the angular momentum fluxes of the tensor and scalar GWs,L
where ijk is the Levi-Civita symbol, Ω is the solid angle, the overdots denote derivatives with respect to coordinate time, and the angular brackets represent a time average over a period of the system's motion. The tensor angular momentum flux is exactly the same as that in GR. The first term in Eq. (3.3) comes from the spin angular momentum of the tensor graviton, while the second is the contribution from the orbital angular momentum of the tensor GWs. In Eq. (3.4), the scalar angular momentum flux comes only from the orbital angular momentum of the scalar GWs, because the scalar field is spin-0.
Angular momentum flux for N-body systems
The solutions of the field equations (2.16) and (2.17) for N-body systems were calculated in our previous work [32] , 6) where the superscript 'TT' stands for the transverse-traceless part, the subscript 'ret' means that the quantity M ij is evaluated at the retarded time t − r, and n = r/r is the unit vector in the r direction. We have defined the multipole moments for a N-body system, 8) and the mass
where we have neglected the scalar field mass, which roughly is cosmological scales. With this at hand, from Eqs. (3.3) and (3.4), we obtain the angular momentum fluxes of the tensor and scalar GWs,L
In Eq. (3.11), the first and second terms are the contributions of the dipole and quadrupole radiations, and the last term represents the dipole-octupole cross term. Because of spin-0 scalar field, the scalar monopole radiation carries energy but not angular momentum.
Specialization to binary systems
Now let us consider a binary pulsar system with quasi-elliptical orbit, which is parameterized in the center of mass frame by x n (t) = −r n cos θ, y n (t) = −r n sin θ, z n = 0, (3.12) with r n = a n (1 − e 2 ) 1 − e cos θ ,
where e and θ are the orbital eccentricity and true anomaly, a n is the semimajor axis, and n = 1, 2 denote the pulsar and its companion, respectively. Using these, from Eqs. (3.10) and (3.11), we obtain the angular momentum decay rates for multipole radiations as follows:
Gµ 2 (Gm) where m and µ are the total and reduced masses of the system, and d, q, and o denote dipole, quadrupole, and octupole, respectively. We have defined .17), we obtain the total angular momentum decay rate as follows: It can be seen that the first term is the dipole radiation, which dominates the angular momentum decay. In the limit of 1 and 2 → 0, the above expression reduces to the GR results.
Energy flux
In previous work [32] , we have calculated the rate of the orbital energy loss in SMG for compact binaries in quasi-circular orbits. As an extension, in this subsection we consider the case of quasi-elliptical orbits. According to our work [32] , we obtain the tensor and scalar energy fluxes in terms of derivatives of multipole moments as follows:
20) 21) where the angular brackets represent a time average over a period of the system's motion, the overdots denote derivatives with respect to coordinate time, M ij and M i 1 i 2 ···i are the multipole moments defined in Eqs. (3.7) and (3.8), and we have neglected the scalar field mass of cosmological scales. In Eq. (3.21), the first and second terms are the monopole and dipole radiations, the third term represents the monopole-quadrupole cross term, the fourth and fifth terms are the quadrupole radiations, and the last term represents the dipole-octupole cross term. Using Eqs. (3.12) and (3.13), from these expressions we obtain the orbital energy decay rates caused by multipole radiations for eccentric compact binaries as follows:
Gµ 2 (Gm)
(1 − e 2 ) 7/2 , (3.23) (1 − e 2 ) 7/2 , (3.26) 27) where m, d, q, and o denote monopole, dipole, quadrupole, and octupole, respectively. The quantity m ≡ 1 + 2 +( 1 m 2 + 2 m 1 )/m, and the quantities d , d1 , d2 , q , and o are defined in Eqs. (3.18) . By summing the above expressions, we obtain the total energy decay rate as follows: where the first term represents the dipole radiation, and the second term is the contributions of the quadrupole/monopole and the cross terms. Similarly to the angular momentum decay, the dipole radiation dominates the energy decay. Similarly, we also find that this result reduces to that in GR, in the limit of 1 → 0 and 2 → 0.
Orbital Dynamics
Because of the conformal coupling between matter and scalar field, the scalar force modifies the conservative orbital dynamics of binary systems, which was derived in [32] . At Newtonian order, the effects of the scalar force are equivalent to redefining the gravitational coupling constant between a binary system as G = G 1 + 1 2 1 2 [32] . In a binary system, without radiation-reaction, the orbital binding energy E and the orbital angular momentum L are constants, and related to the orbital eccentricity e and semimajor axis a via,
Once considering radiation-reaction, the orbital eccentricity e and semimajor axis a are no longer constants, and their time derivatives are related to the orbital energy and angular momentum fluxes via,ȧ
3)
whereĖ < 0 is a negative contribution toė,L < 0 is a positive contribution toė, and the contribution ofĖ is greater than that ofL, becauseė in Eq. (4.6) is negative. Substituting Eqs. (3.19) and (3.28) into the above expressions, we obtain the decay rates of the orbital semimajor axis and eccentricity, From these and the Kepler's third law, we haveė/e ∼ȧ/a ∼Ṗ b /P b , where P b is the orbital period of the binary pulsar system. Because, generally, the measurement of the orbital period decay rateṖ b is more accurate than that ofė (orȧ), the constraint on the theory fromṖ b is stronger, which was discussed in [32] . The semimajor axis and eccentricity decay more rapidly than in GR due to the emission of dipole radiation, unless d = 2 − 1 = 0. All terms leading to deviations away from GR are due to contributions of the scalar field. It can be seen that the above expressions all reduce to the GR results in the limiting case 1 and 2 → 0. . Temporal evolution of the semi-major axis (a) and the orbital eccentricity (e) of a 1.0M -1.6M binary system due to the modified decay rates of the orbital energy and angular momentum.
To construct this figure, we used an initial orbital eccentricity of 0.8 and an initial semi-major axis of 2.0 × 10 4 km. Observe that they decay faster than in GR.
In Figure 1 , we show the temporal evolution of the semi-major axis and the orbital eccentricity for the different combination of the scalar charges of binary system. This evolution was obtained by numerically solving Eqs. (4.5) and (4.6) for a binary with masses 1.0M -1.6M and an initial orbital eccentricity of 0.8 and an initial semi-major axis of 2.0 × 10 4 km (correspond to an initial angular frequency of 0.2 Hz). We can see that the semi-major axis and the orbital eccentricity decay typically faster in SMG than in GR ( 1 = 2 = 0), especially when 2 − 1 = 0 due to the presence of dipole radiation. Such increased decay rates will imprint onto the chirping rate of GWs, which could be constrained by GWs observations in the future.
Conclusion
SMG is a kind of scalar-tensor theory with screening mechanisms, which can suppress the fifth force in dense regions and allow theories to evade the tight gravitational tests in the solar system and the laboratory. In SMG, all modifications are suppressed by the object's scalar charge, which is inversely proportional to its compactness. Thus, the deviations from GR become small for strongly self-gravitating bodies, which is completely different from other alternative theories without screening mechanisms.
The recent GWs observations provide an excellent opportunity to perform quantitative tests of dissipative sector and strong-field dynamics of gravity theories. The interpretation of GWs observations relies on the comparison of the data to the GWs model, which depends on the orbital evolution of the binary systems.
In this paper, we investigated how the screening mechanisms in SMG affect the orbital evolution of eccentric compact binary systems. From the theory's Lagrangian by investigating the Noether charges and currents, we calculated the angular momentum flux both as a function of the fields in the theory and as a function of the multipole moments of a Nbody system. We then specialized to the orbital parameters of eccentric compact binaries to express its orbital angular momentum decay. This calculation, together with the GWs energy flux of [32] , allowed us to compute the decay rates of the orbital eccentricity and semimajor axis of the binary systems. It turned out that these decay rates are typically faster in SMG than in GR due to the emission of dipole radiation by the scalar mode of the theory. Such modifications can imprint onto the GWs signal and leave a signature of SMG, which could be constrained in the future with GWs observations.
At the end of this paper, we would like to emphasize that the results in this article are applicable to the general SMG, including the chameleon, symmetron, dilaton and f (R) theories.
